MEASURED QUANTUM GROUPOIDS ASSOCIATED WITH 
MATCHED PAIRS OF LOCALLY COMPACT GROUPOIDS 
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Abstract. Generalizing the notion of matched pair of groups, we define and study 
matched pairs of locally compact groupoids endowed with Haar systems, in order to 
give new examples of measured quantum groupoids. 
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1. Introduction 



Dealing with locally compact groupoids, we already defined in the articles [ValO] 
and [Val4]) a notion of pseudo multiplicative unitary and Hopf bimodule in order 
to generalize, in that framework, classical notions of multiplicative unitary ([BS]) and 
Hopf von Neumann algebras which led to locally compact quantum groups ([BS], 

[W], [KV] ). 

In an other article ([EV]), starting with any depth 2 inclusion of von Neumann al- 
gebras Mq C Ml, with an operator- valued weight Ti verifying a regularity condition, 
Michel Enock and the author have constructed a pseudo-multiplicative unitary gener- 
ating two Hopf bimodules in duality; one of them acts on Mi in such a way that Mq is 
isomorphic to the fixed point algebra and the von Neumann algebra M2, given by the 
basic construction, is isomorphic to the crossed product. 

The axiomatic of locally compact quantum groupoids has been developed by Franck 
Lesieur in [LI] and [L2] and simplified by M. Enock ([E2] Appendice), who has also 
studied the theory of their actions on von Neumann algebras, generalizing previous 
results due to S.Vaes ([Vas2]). 

The aim of this article is to give a large number of examples of measured quantum 
groupoids as defined by M. Enock and F. Lesieur. We generalize at the same time the 
notion of matched pair of finite groupoids ([Val2]) and of locally compact group ([BS], 
[VV], [BSV], [BSVl]....), in order to obtain such examples coming from a suitable 
pseudo multiplicative unitary. 

In the second paragraph are recalled general definitions about locally compact quan- 
tum groupoids and their actions on von Neumann algebras. 

We specify, in the third chapter, the notion of matched pair of locally compact 
groupoids, we prove that, for such a pair, there exists a canonical action of each 
groupoid on the other one, and we give families of examples. Finally we find a canonical 
pseudo multiplicative unitary which generates their crossed products. 

In the fourth chapter we investigate the Hopf bimodule structures of the crossed 
products given by the pseudo multiplicative unitary, and find suitable Haar operator 
valued weights for these structures. 

We study, in the last chapter, two kinds of examples. The first one is pretty natural 
and comes from matched pairs of groups actions: a very general example of matched 
pair of groups is the "ax-|-b" group ([BSVl] Chap 4), and pentagonal transformations 
lead also to such actions ( [BSVl] Prop 5.1). We prove that, for any matched pair G1G2 
of locally compact groups in the sense of [BSV], which acts on a locally compact space 
X, then X X Gi, X X G2 is a. matched pair of groupoids. Moreover, Gi (resp. G2) acts, 
as a group, on the space X x G2 (resp.X x Gi) in such a way that their usual crossed 
product is the one obtained using chapter 3. We investigate the quantum groupoid 
structure given to these crossed products by chapter 4 which is actually different from 
the one given to any crossed product as dual of a transformation group. The second 
example is the farthest possible from groups, it comes from principal groupoids of the 
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form X X X where X = Xi x X2 is the cartesian product of two locally compact spaces 
Xi and X2, we prove that the structures given by the previous chapters mixes the ones 
given by the pair groupoids Xi x Xi and X2 x X2. 

Several continuations of this article can be considered. One can weaken the condition 
Qi Q2 = Q^, which even with finite groups or groupoids gives substantial examples 
([Val3], [AN] 2.8). Also a characterization of these objects in terms of cleft extensions 
in the spirit of S.Vaes and L.Vainerman [VV] should be obtained. 



2. Measured quantum groupoids and their actions 

2.1. Measured quantum groupoids. Let's recall the definition of a measured quan- 
tum groupoid due to M.Enock which extends F.Lesieur's works. We use [LI], [L2] and 
[E2] for general references, in particular we suppose known spatial theory and relative 
tensor products ([C], [S]) . 

2.1.1. Definition. A measured quantum groupoid is a special collection 
(5 = {N, M, a, P, r, T, T', u) such that: 

i) M, N are two von Neumann algebras, a : N ^ M and f3 : N° — )■ M are commuting 
faithful normal non degenerate representations, 

ii) T : M ^ M p-k^ M is a one to one normal morphism such that: 

N 

T{P{X)) = 1 p®a P{X) 
N 

T{a{x)) = a{x) 1 

N 

(r ^^Q, id)V = {id pi^a T)V. 

N N 

Hi) T (resp T' ) is a faithful semi finite normal operator valued weight from M to 
a{N) (resp /3{N)) such that: 

{id p-ka T)T{x) = T{x) p®a 1 for any x G M.'^ 

N N 

{T (si^a i)T{x) = 1 (s(g)a T'{x) for any x E M'^, 

N N 

iv) V is a faithful semi finite normal weight on N which is relatively invariant with 
respect to T and T' , i.e. for any t G M : crfa^ = crfaf, where $ = o o T and 
m = uo 13-^ oT' . 

2.1.2. Remark. The assertion iii) can be replaced by the weights conditions: 

iii) ' {id p-ka $)r(x) = T{x) for any x E 

N 

isi^a i)T{x) = T'{x) for any x E M^, 

N 
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We shall say that the quantum groupoid is commutative (resp. symmetric) if M is 
abelian (resp. = T, where <^ : M p-k^ M ^ M a-kp M is the natural flip). 

N N° 

2.1.3. Definition ([EV] 5.6). Let N he a von Neumann algebra and v a faithful normal 
semifinite weight on N, let a (resp. be a faithful non degenerate representation 

(resp. anti representations) on a Hilbert space Sj commuting two by two, a pseudo 
multiplicative unitary W over the basis {N,a,/3,(3) is a unitary from i3®a ^ to 

a^fj ^ such that: 

• W intertwines a, /3, /3, which means that for any n & N one has: 

W{a{n) 1) = (1 a{n))W 

N NO 

W{1 /3H) = (1 l3{n))W 

N i\fo 

W0{n) 1) = 0{n) 1)W 

N N° 

W{1 P{n)) = l))W 

• The operator W satisfies the "pentagonal" equation: 



(If, a®p W){W p®^ 1^,) = 

NO N 

= (W l){a^o lfi)(li^ a®^ W)a2uilf: fT^°)(lfl /3®a W) 

N° N° N° N N 

where ayo is the flip map: ^ — ^ ^ ^ o,nd is the flip map: 

V° V 

V° U° V v° 

2.1.4. Remark. In fact measured quantum groupoids and pseudo multiplicative uni- 
taries are closely linked. According to [EV] chap. 6, if is a pseudo multiplicative 
unitary on it generates two von Neumann algebras M (its right leg) and M 
(its left leg) and two coproducts F and F on M and M respectively, i.e. two maps 
verifying deflnition 2.1.1 ii). More precisely, for any m & M and m G M, one has: 
F(m) = W*{1 m)W and F(m) = a„oW{m ii®a '^)W*ay] and conversely for a 

No N 

given measured quantum groupoid, one can associate a pseudo multiplicative unitary 
to it, with a manageability condition (implying weak regularity) which leads to a du- 
ality theory and the following theorem: 

2.1.5. Theorem. ([L1],[L2],[E2]) Let = (iV, M, a, /3, F, T, T', i^) be a measured quan- 
tum groupoid, for any n in N let's define (3{n) = Jq>a{n*)Jq,, then one can associate 
to & a pseudo multiplicative unitary W , over the basis {N, a, (3, P), independent of the 
choice of T and T' , the left leg of which is M and gives F. The dual coproduct F on 
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the right leg M leads to a measured quantum groupoid {N, M, a, (3, T, T', v) denoted 0, 
the dual of (5 . 

To the quantum groupoid is associated a canonical *-antiautomorphism of M 
called the coinverse, which is involutive, and verifies the condition R o a = P and 
roi? = ^^o(i?^®„ R)T. 

N 

Let j be the application defined for any x G M by j{x) = J^x*J^, and set = 
(j /3*a j)r o j, = j o T o j, R"" = j oRo j. 

N 

Then one can consider two other quantum groupoids: 

• the commutant &^ = {N", M', /3, d, R^T^R^, u^) 

• the commutant of the dual = {N°, (M)', (3, a, (f)^ (f )'=, (^)'=(f )^(_R)^ 
this last is an important tool for the duality of actions. 

2.2. Measured quantum groupoids in action. As quantum groups act on von Neu- 
mann algebras, measured quantum groupoids act on (von Neumann ) modules with 
isomorphic basis. Generalizing in this context what we have done in the finite dimen- 
sional situation in [Val2], M.Enock has given in [E2] a nice framework for these actions 
together with double crossed product theorems. Let's recall some of his definitions. 

2.2.1. Definition. Let = {N, M, a, (3, T, Tl, Tr, u) be a measured quantum groupoid, 
and let A be a von Neumann algebra acting on a hilbert space %. A right (resp. left) 
action of ^ on A is a pair {b, a) such that: 

i) b : N ^ A is an injective *-antihomomorphism (resp.morphism), 

a) a : A A h-ka M (resp. A i,-kp M) is an injective *-homomorphism, 

Hi) for all n & N one has: a{b{n)) = 1 Pi^) (resp.a{b{n)) = 1 a{n)) and 
one has: (a b-ka id)a = (1 b*a r)ci (resp. (a h*/? id)a = (1 b*^ ?r)oj. 

N N 7V° A'"° 

2.2.2. Definitions. Let [b, a) be a right (resp. left) action of a given measured quantum 
groupoid C5 on a given von Neumann algebra A, then: 

i) the crossed product of A by the action {b,a) is the sub von Neumann algebra of 
A b-^a (resp. A b-^^p C{l-i^)) generated by a{A) and 1 b®a M' (resp. 1 b®/? M), it 

N ]\[o N 7V° 

will be denoted by A xia^S. 

a) the invariant subalgebra is defined by: 

A^ = {x eAn b{N)'/a{x) = Xb ®a 1} 

2.2.3. Theorem([r.2] 6.13, 9.3, 9.5, 10.11, 10.12). Let (6, o) be a right action of 
a given measured quantum groupoid (3 on a given von Neumann algebra A, and set 
$ = z/ o a^-^ o T, then: 
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i) for any x G A'^, the extended positive element of A: 

Taix) = {id $)a(x) 

V 

is an extended positive element of A° and T„ is a normal faithful operator valued weight 
from A to A° 

a) there exists a unique action (1^ ®q: a, a) of (5'^ on A xi ^ & which verifies for any 
x e A, y e M': 

o(o(x)) = a{x)a ®I3 1 

~a{lb ®a y) = U ®a T'{y) 

Hi) for anyy G M' : Ta(lb(g)„y) = lfe(g)„r^(i/) = a(6(/3^^(f ^(y)))), is semi finite, 
and [A x„ (S)" = a{A). 

2.2.4. Corollary and definition. For any normal semi finite faithful operator valued 
weight 9 on A, the operator valued weight 6 = a o 6 o o T5 is normal semi finite 
faithful on A Xn and will be called the dual operator valued weight of 6. 



In fact, the examples we shall deal with in this article, come from an action of a 
commutative measured quantum groupoid on a commutative von Neumann algebra, 
nevertheless, as we shall see, the crossed product will be a substantial non commutative 
quantum groupoid. So let us see more precisely the commutative situation. 

2.3. The abelian case. All measured quantum groupoids, involved in this article, 
will have a commutative basis, and the Hilbert spaces will be of the form L'^{X,dx) 
where X is a second countable locally compact space endowed with a Radon measure, 
hence this will simplify the relative tensor products. Let {Y, dy) be a locally compact 
space endowed with a Radon measure and let (L^(X, dx), /3) (resp. {L"^ {Z , dz) , a)) be 
a faithful normal representation of = L°°{Y,ds), then the relative tensor product 
L^(X, dx) p®a L'^{Z, dz) is the completion of the algebraic tensor product fC{X)QlC{Z) 

N 

equipped with the pre-scalar product, defined for any /i,/2 G /C(X) and any gi,g2 G 
/C(Z) by: 

= j^a(^^^^I^)g,{z)^)dz = lj{^^^^^^^)f,{x)mdx 
In our framework, the relative tensor product L^{X,dx) L'^{Z,dz) will also be 

N 

viewed as L'^^X^ x^, Z.dxpXadz), where Xp suitable fibred product of X 

and Z and dxjsx^dz is a Radon measure; we shall intensively use this identification 
throughout this paper. 

The commutative measured quantum groupoids (i.e M is commutative) are, as ex- 
pected, coming from measured groupoids in the sense of Jean Renault ([R],[AR]). 
Notwithstanding the fact that a Weyl theorem does not exist in that context, up to 
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some inessential reduction (see [Ra] theorem 4.1) we can deal with a Hausdorff locally 
compact groupoid Q, we shall suppose it is cr- compact and endowed with a Haar system 
{A"/m G Q^} and a quasi invariant measure u on Q^, we shall denote = fgo \^dv{u) 
the integrated measure on for any m G will be the image of A" by the appli- 

cation g H- g~^, and 5 will be the Radon Nikodym derivative of w.r.t. /i . This 
will allow us to use the *-algebra of continuous numerical functions on Q with compact 
support, which will be noted 1C{Q). 

If s{g) = g~^g (resp. r{g) = gg~^) is the source (resp. goal) of any element g of 
then one can define two representations of = L°°{Q^^ i/) on M = L°°{Q,fi), (which 
are also antirepresentations) defined for any / G L°°{Q^, u) by: 

sg{f) = f°s, rg{f) = for 
One easily verifies that for any /, /' G /C(^) and for i/- almost any u ^ Q^, one has: 

du Jg du Jg 

2.3.1. Remark and notations. One can define for any i G {s,r}, Qfj = {{g,g') G 
Q xQ/i{g) = j{g')}, for instance Q^j. = (the set of pairs of composable elements), let 
us note /ifj = yUjg Xj^ /x, so L^(^,/i) ig®jg L'^{Q,ij) and L'^{Qfj,^1j) are isomorphic 

and isometric. 



In [ValO] and [Vail] we proved that we can associate to ^ a pseudo multiplicative 
unitary Wg : L^(^f ,., //^ ,.) — L^(^^,., /i^_^). It is given for any ^ G L'^{Qg j., fis,r) and /i^,. 
almost any {x,y) G by: 

W^g^(a;,Z/) = ^(x,x"^?/) 

The left leg of Wg generates the commutative quantum groupoid: 
(5{g) = {L^{g\u),L^{g,fi),rg,sg,Tg,Tg,Tg\u), 
with the following formulas, for any / G 1C{Q): 

• Coproduct 

^g{f){x,y) = f{xy) for any (x, y) G G^^^^^^ 

• Left and right operator valued weights 

For /^-almost any element g E Q: 

Tg{f){g) = [ f{x)d\<^\x) 
Jg 

Tg\f){g) = [ fiy)dXsi,){y) 



The right leg of Wg generates the symmetric quantum groupoid, which means the 
coproduct is invariant by a natural flip. 



^iG) = (L^iG', l^), CiG),rg, rg, Tg, Tg, Tg, u) , 
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where C{Q) is the left regular algebra of Q, which is the sub von Neumann algebra of 
C{L'^{Q, fi)) generated by the operators defined for any f,h& ^{G) by: 

KDKx) = [ f{g)h{g-\)dy^^^\g) 
Jg 

For any / G 1C{Q), ^ G L'^ {Gj^ , firg ,rg) and almost any {x,y) G Grg,rg^ o^e has: 

• Coproduct: 

• Left (= right ) operator valued weight 

fgiKf))=rgif\g') 

2.3.2. Remark. Of course one can consider the right regular representation of Q which 
generates in C{L^{Q,fi)) the commutant of C{Q) and gives a commutant structure of 
quantum groupoid: 

^'{Q) = {L^{g^iy),n{g),sg,sg,f'g,f^,%u), 

2.3.3. The pair groupoid example. We suppose that Q = X x X where X is an 
Hausdorff locally compact space together with some Radon measure u. Q is given its 
natural locally compact groupoid structure, is the diagonal oi X x X which will be 
identified with X, its Haar system is (5^ ® i')x&x and is a (quasi) invariant measure. 

The von Neuman algebra 'R-{Q) is isomorphic to C{L'^{X, u)) as for any h G /C(X^), 
one has p{h) = 1 ® T^, where Th is the integral operator defined for any G L'^{X, v) 
by: nay) = j^h{yMiP)dv{b) 

Here the space L^(^f /i^ ,.) (resp.L^(^^ /i^ J) can be identified with 
using the application: ((x,?/), {x,y,t) from to X^ (resp.((x, y), (t,y)) — >■ 

{x, y, t) from Q'^ ^ to X^). With this identification, for any / G }C{Q), and any (x, y) G Q, 
one has: 

rg(/) = /i3, f'gipif)) = l®Tf®l 

Tg(/))(x,y)= / f{x,b)diy{b) Tg\f){x,y) = [ f{b,y)diy{b) 

J X J X 

n{p{mx,y) = f{y,y) 



Let's recall what is a ^-space or an action of Q ([AR] chap. 2), 

2.3.4. Notation. Let X, Y be two Borel spaces, let us call fibration of X by F any 
Borel map b : X — )■ F which is onto. When Y = and for any i G {s, r}, let Xt, x j ^ 
be the fiber product of X and Q which is the set {{x,g) G X x Q /\){x) = i{g)} ■ 

2.3.5. Definition. A (right) ^-space is a Borel space X endowed with a fibration 
b : X — !■ ^'^ and a Borel map (x, (7) t— x.f? from Xi, x^ ^ to X such that: 

i) For all {x,g) G X[, x^ Q, \){x.g) = s{g) and x.b(x) = x 

ii) For all {x,gi) G Xt, x.^ Q and all (72 € ^''^^i) then x.{gig2) = {x.gi).g2 
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2.3.6. Definition. A (right) locally compact ^-space is a locally compact space X 
endowed with a structure of (right) ^-space such that b is open and continuous and 
(x, g) H-> x.g is continuous. 



One can also say that Q acts on X. Let us now suppose that X is endowed with 
a (positive faithful) Radon measure 6 such that \)^6 is absolutely continuous w.r.t. 
u, then one easily sees that b : L°°{Q'^,i/) L°°(X,9) defined by b(f) = / o b is a 
*(anti)isomorphism, also for any i in {s, r} the von Neumann algebra L°°{X, 9) b'^ig 

L°°{Q, fi) is canonically isomorphic to L°°{X\, y<iG,0\)Xifj,) for a suitable Radon measure 
9\, Xj yu on Xj ^! one easily proves that: 

2.3.7. Proposition. Let X be a (right) locally compact Q-space endowed with a Radon 
measure 6 such that \)^,6 is absolutely continuous w.r.t. v , let b : L°°(^°, /i) — )■ L°°(X, ff) 
be defined by b{f) = /ob for any f m L'^iX, 6), let a : L°°(X, 6) L°°(Xb x^^, 6^, Xrfi) 
be defined by a{f){x,g) = f{x.g), then {b,a) is an action of (S{Q) on L°°{X,6). 

In the conditions above, let's suppose X is second countable, then the crossed product 
L°°(X, 9) Xa0(^) is also &'{X\, XrQ), where X\,XrQ is given its structure of semi direct 
product. The existence of 6, given by Proposition 2.3.7, leads to integral decompositions 
= J^^9''du{u), L\X,9) = JgoL\X'',9'')diy{u) and L°°{X,9) = j^,, L°^{X'')du{u), 
where X^ = {x G X/\){x) = u} and the support of 9^ is X" for any u G Q^. 

For any Radon measure 9' on X, we shall say that 9' is invariant under a if and only 
if, for any geG, and any / G /C(X^(^')) one has: / f{x)d9'^9^ = J f{y.g)d9'-^9\ 

2.3.8. Lemma. If 9 and 9' are two Radon measures on X , invariant under a, then the 
Radon Nikodym derivative ^ is an element of L°°{X,9Y. 

Proof: This is easy and a basic consequence of [E l] 7.5 to 7.8. □ 

Let us now give a description of the crossed product L'^{X,9) x^ ^{G) using a 
certain *-algebra representation. The vector space )C{X\, x^Q) can be given a *-algebra 
structure denoted by (/C(Xb x^ ^),*, #). 

For any F, F' in }C{X\, x^ Q) and any (x, g) in x^ Q, one has: 
F^F'{x,g) = J F{x,h)F\x.h, h-^g)dy^^\h) 

F*{x,g)=F{x.g,g~^)6{g~') 

One can define a representation of /C(Xb Xj.Q) in L'^{Xi, XrQ,9\, x^ /i), let us note it 
9^, it is defined for any in L^{Xb x^Q ,9\)Xrti), any F in /C(Xb x^ ^) and 9\) x^/x- almost 
any (x, g) in X^ Xj. Q by: 
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The crossed product L°°{X,6) xi^ is generated by the image of 9^. More pre- 
cisely, for any / G /C(X) and any k G IC{Q), one has: a(/)(lb (g)^ p(^)) = ® /c). 



3.1. Measured matched pair of groupoids. Now let's explain a triple extension of 
the commutative examples (in 2.3), those studied in [Val4] in finite dimension, and in 
[VV] (or [BSV]) in the quantum groups case. 

All the groupoids involved will be as mentioned in 2.3 till the end; mimicking the 
case of matched pairs of locally compact groups, let's give the following definition: 

3.1.1. Definition. Let Q, Qi, Q2 he measured groupoid such that ^1,^2 ore closed sub- 
groupoids of Q . We shall say that Qi, Q2 is a matched pair of measured subgroupoids of 
Q if and only if: 

i) Qir\g2 = 

a) G1G2 '■= {fi'15'2/5'1 £ ^i7fl'2 ^ ^2^^^^} ^.-conegligible in Q 

Hi) the measure v on is quasi invariant for the three Haar systems. 

3.1.2. Remark. The condition iii) is absolutely necessary to obtain, as in the case of 
groups ([BSV] prop. 3.2), the Haar system of Q from those of Qi and Q2- for instance 
if ^ is a principal groupoid of the form X x X where X is any locally compact space, 
let's choose Qi = Q and Q2 = = X, then if v and vi and 1^3 are any Radon measures 
on X, one can construct the Haar systems (5^. x z/)^gx and (5^. ® vijxex on Q and Qi 
and the quasi invariant measures v and vi respectively, there is no hope to give any 
formula connecting the Haar systems. We shall now prove such a formula, when the 
groupoids are given the same quasi invariant measure, using an argument similar to 
that of [BSV] prop. 3.2 and the uniqueness condition of M.Enock ([E4] Corollary 7.8) 
recalled in 2.3.8. 

3.1.3. Lemma. 1) The von Neumann fiber product L°°{Qi, fii) 81^*^82 L°°{Q2,f^2) is 
isomorphic to L'^ {Qi8^ 8^2, l^is^ sl^2) , where the measure yUisXs/i2 is given for any f G 



3. A GENERALIZATION OF THE MATCHED PAIR PROCEDURE 



/C(G'i,x,^2) by: 




f{g^\g2')Si{gnS2{g2')dXU9i)dXU92)diy{u) 
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2) The restriction to L°°{QisXsG2, fJ'isXsf^2) of the natural action by left multiplica- 
tion 0/^(^1X^2) on L°°{Qi X Q2, jJ'i X H2) is well defined; if {a., r is® 3^2) is this action, 
then for any f G L°°{QisXsQ2, IJ'isXsf^2), fiisXsfi2-any element {91,92) e Gi^x^^a, 
Hi-any hi E Qi, fi2-cmy h2 G Q2 ,one has: 



aif)i9u92,hi,h2) = f{K^9i^K^92) 



and yUisXs/i2 is invariant under a in the sense of the end of paragraph 2.3. 

Proof: The assertion 1) is a simple calculation (see for instance [Val4] 3.1) and 
the second one, an obvious consequence of 1), as one deals with the left multiplication 
of Qi X Q2 and its canonical Haar system. □ 

3.1.4. Lemma. Let jl be the measure on QisXsQ2 defined for any f G KL{QisX SQ2) by: 



m = / / f{e-\9))dn9)dy{u) 



where 9 : QisXsG2 Q1Q2 is given by 9(91,92) = 9192^ and f{9i,92) = f {91, 92)^(92). 
Then fi is invariant under the action a. 

Proof: This is the same argument as in lemma 4.10 of [W]. □ 



3.1.5. Proposition. Let Qi,Q2 be a matched pair of measured subgroupoids ofQ, and 
let Si be the modular function off (relatively to Qi) fori = 1, 2, then up to normalization 
of the Haar systems, for any u E and any f G }C{Q), one has: 



fdX" = 1 1 f{9i92)S{92))62{92')dXi''\92)dXU9i) 

Qxxg^. 

f{929i)5{9M9i')d\'l''\9i)d^{92) 

Q2-xg-i 



Proof: Due to the lemmas 3.1.3 and 3.1.4, one can apply lemma 2.3.8 to fiisXsf^2 
and fl, so there exists a function h G L°°{QisXsG2, AiisXsAi2)° such that fi = h{^isXsfj,2), 
hence for /iisXs/i2-any (5-1, 5-2) G ^isXs^2: /i(fi'i,fi'2) = h{s{9i),s{92)). For any F G 
1C{Q), if / G L'^{gisXsG2,fJ'isXsfi2) is defined for any (5-1, 5-2) e ^15X^^2 by f{9i,92) = 
F (9192^)^(92^) then f o 9 = F, so one has: 
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/ / F{g))d\-{g)dv{u)= / f{e~\g))d\\g)dv{u) = fi{f) 

= (/UlsX,/i2)(/i/) 



go JGirX,.g2 

( / /i(r((70,r(^?l))F(^r'^?2)5l(^?r')5(^?2)52(^?2-')^A^2^'^H^72))t//il(^^ 



( / /i(s((7i),^(^7i))i^(^7i^?2)5(^72)52(^72^')^Af^H^72))t//ii(^7 



i\\sigi)i 



i^(^?i^72)5(^?2)52(^?2"')ArH^72)/i(s(^?i),s(^?i))rfA5'(^?i)rfz/(n) 

go JGxrXrQ2 

This gives the first equahty of the Proposition, if one replaces the Haar system A^* 
by fcA", where k is defined by k{gi) = h{s{gi), s{gi)) which is still a Haar system (as 
k{gi) depends only on s{gi)). The second equality is proven a similar way. □ 

3.1.6. Remark. If Qi, Q2 is a measured matched pair, as Q2G1 = (^1^2)"^ and Q1Q2 H 
G2G1 is conegligible then Q2,Gi is also a measured matched pair. 



3.2. Families of examples. 

3.2.1. Example. If ^ is a group then a matched pair of groupoids is a matched pair 
of groups as in [BSV]. 

3.2.2. Example. If Q is finite then a matched pair is exactly a matched pair as defined 
in [Val2]. 

3.2.3. Example. If ^ is a group bundle (i.e. s = r), as for any u G Q^, = is a 
group, the matched pairs are exactly group bundles over G° such that for any u G 
Q'^, Q2 is a matched pair of groups in The Haar systems being continuous families 
of Haar measures, in that case, proposition 3.1.5 is a completely direct consequence of 
[BSV] prop. 3.2. 

3.2.4. Example. If ^ is a locally compact transformation groupoid of the form X x G, 
where G is a group matched pair G1G2 in the sense of [BSV], acting on the right on X. 
Let Qi be equal to X x Gi, Q2 be equal to X x G2. One can consider the canonical Haar 
systems (5^ x ds)xex^ {^x x dsi)x£x {^x x ds2)x&x associated with the Haar measures 
of the groups, hence Qi, Q2 is clearly a matched pair. 

Let z/ be a quasi invariant measure on = X w.r.t. the action of G, let p be 
the Radon Nikodym cocycle for v and the action, this means that for any g & G and 
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h G IC{X) one has / h{x.g)du{x) = J p{x, g)h{x)du{x). Let A (resp. Ai, resp. A2) be 
the modular function of the group G (resp. Gi, resp. G2), hence by [R] 3.21 one has: 
S{x,g) = (resp 6i{x,g) = for z = 1,2). Therefore due to [BSV] prop. 3.2, 

for any / G }C{X x Q) and any x G X, one has: 



S^xds{f)= / f{x,g)ds{g)= / / /(x, 515(2) A(5(2)A2 (52) ^ds2{g2)dsi{gi] 

= 11 f{{x,g,){xg,,g2))^^A^^^X'^S2{g2)dsM 
JgJg2 p{xgi,g2) p{xgi,g2) 

/((x, 5i)(x5i, 52))5(x5i, 52)52(^51, 52)"^rfs2(52)rfsi(5i) 



Gi J Gi 

fiiy, 9i)iz, g2))6iz, g2)62iz, g2)~'^{6s{x,g^) x rfs2)(2, 52)(5x X dsi){y,gi) 

' Gi J Q2 

which gives Proposition 3.1.5 in that case. 

3.3. The case of principal and transitive groupoids. Let's describe matched pairs 
in the case where Q is principal proper and transitive. 



So we shall suppose that Q = X x X where X is an Hausdorff locally compact 
space together with some Radon measure z/, and Q is given its natural locally compact 
groupoid structure, Haar system and quasi invariant measure as it was explained in 
remark 3.1.2. 

Let us describe a family of examples and let us show that all matched pairs of a 
principal proper and transitive groupoid are of this type when X is compact. 

We shall suppose that X is equal to Xi x X2 where Xi and X2 are two Hausdorff 
locally compact spaces and v = viX V21 where Vi is a Radon measure on Xj for i = 1, 2. 
Let TZi and 7^2 be the equivalence relations associated with the natural projections, so 
one has: 

V(a, 6), (c, (i) G X : {a,h)lZi{c,d) iff a = c 
y{a,b),{c,d) e X : (a, 6)7^2(c, ci) iS b = d 
Let Qi be the sub groupoids of ^ = X x X associated with TZi for i = 1,2. One has: 

6?i = U {xi} X X2 X {xi} X X2 

xi€Xi 

^2 = U Xi X {X2} X Xi X {X2} 

2:26X2 

As X is Hausdorff, clearly Qi and Q2 are closed in Q. For any (xi,X2) G X(= ^°), 
let A*^^^'^^^ be equal to S(^xi,x2) x which gives the canonical Haar system of Q and let's 
define two other Radon measures on Qi and Q2 respectively by the formulas: 

AS""^'""^^ = '5(xi,X2) X X U2 
Xi^''''^'^ = 5{x^,x2) X Z/i X 5x2 
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3.3.1. Lemma, (^i, (A")„gx, J^), {Q2, {\2)uex, J^) is a matched pair in {Q, (A")„gx, i^)- 

Proof: For any {a,b,c,d) G Q, one has: {a,b,c,d) = {a,b,a,d).{a,d,c,d) so 
= 0102, and 0in02= U {xi} X {X2} X {xi} x {xa} = . 

(xi,2;2)eX 

For any (xi,X2) G X, the support of a[^^'^^^ is clearly g^^^'^'^^\ For any (xi, X2, Xi, 2:2) 
in 01 and for any / G /C(^i), one has: 

/((Xi, X2,Xi,2;2)t)(iAf (t) = / f{Xl,X2,ti,t2)6r,^{ti)dU2{t2) 

01 JXIXX2 

f{Xi,X2,Xi,t2)dU2{t2) 

X2 

(^1,22)^ 



/(t)dAr^'^^^(t) 



One easily deduces that {\i)uex is a continuous Haar system for 0i. 
Let /ii be equal to \idu{u), for any / in /C(^i) one has: 

f{z~^)dfii{z) =11 /((l/i,Z/2,2;i,2;2)~^)5(xi,x2) x 5^.^ x du2{yi,y2,zi,Z2)du{xi,X2) 
Gi Jx Jgi 

= f{{Xi,X2,Xi,Z2)~^)dh'2{z2)diy{xi,X2) 
Jx JX2 



/(Xi, Z2, Xi, X2)dl'2{z2)dUi{xi)dh'2{x2) 

Xi J X2 J X2 

Hence using Fubini's theorem, one has : /^^ f{z~^)dfii{z) = fg^ f{z)dfii{z), so z/ is quasi 
invariant, even invariant, relatively to the Haar system {X^)uex and {0i, {X^)u^x, ^) is 
a measured groupoid. For similar reasons, {02, {X2)uex, J^) is also a measured groupoid 
and u is invariant for the three measured groupoids, so {0i, {Xi)uex, i^), {02, {^2)uex, J^) 
is a matched pair. 

□ 

Let us verify proposition 3.L5 in that case, for any h G IC{0) and any (xi,X2) G X, 
one has: 



h{{ai, as, fci, fo2)(ci, C2, di, d2))dXl^''^'''^'''^''"'\ci, C2, di, d2)dX^^^'''^\ai, 02, foi, ^2) 

/l((Xi, X2, Xi, 62)(Cl, C2, rfl, d2))c?A5'''''"''(Cl, C2, di, ^2)^2/2(62) 



(?2 >'Gl 



X2 -^Gl 

h{xi,X2,di,b2)di^i{di)di^2{b2) = / / h{xi, X2, di,b2)di^i{di)di^2{b2) 



14 



This proves that proposition 3.1.5 is here a reformulation of Fubini's theorem. 



Finally, let's prove that we have described all possible examples when X is Hausdorff 
and compact. So we suppose given a matched pair ^i, ^2 in X x X, there exist two 
equivalence relations TZi and 7^2 associated to two partitions (X^), {X"^) of X, using 
classical arguments (see [Go] chap 1 par. 4), TZi and 7^2 are closed and Hausdorff, so 
each element of the partitions is closed as a subset of X, hence compact in X. As 
well-known, due to the fact that u is quasi invariant for Qi {i = 1, 2), there exist Radon 
measures Aj on X/TZi and Borel functions hi : X ^ such that if one denotes 
ttj : X — )■ X/TZi the usual projection, one has = /ii(Aj o a^). 

3.3.2. Proposition. The map ai x 0:2 : X — X/TZi x X/TZ2 defined for any x E X 
by: (tti X a2){x) = 02(2^)); realizes a homeomorphism of compact spaces, and 

up to normalization (ai x 02) (/i) = Ai (g) A2. 

Proof: The application ai x 02 is clearly continuous, let x,y E X he such that 
(ai X a2){x) = (tti X 02) (y) then {x, y) E Qi H Q2 so x = y, hence ai x ^2 is injective. 
As Q1Q2 is /i conegligible in Q and compact its complementary is a negligible open set 
so it is empty and Q1Q2 = Gi this implies that for any x,y E X, there exists t E X such 
that G Qi and (t, y) G ^2, hence = ai{t) and a2(l/) = tt2(^) which means 

that (q!i X a2){t) = {ai{x) , a2{y)) , hence so ai x 02 is onto, the lemma follows easily. 

□ 

3.4. The mutual actions of a matched pair of groupoids. Let's give a gener- 
alization to matched pairs of groupoids of the well-known fact that matched pairs of 
groups act one on the other. 



3.4.1. Remark. As in [BSVl] Chap 2, if (Qi, (A"), u), (Q2, (-^2)5 1^) is a given measured 
matched pair, then for i = 1 and 2, there exist Borel functions Pi ■ S ^ Qi such 
that, for any g G Q1Q2 , 9 = Pi{g)P2{g)- Of course, there also exists two borel almost 
everywhere defined maps Pi : Q ^ Qi such that g = P2{g)p'i{g), for any g G Q2Q1', so 
on the /i- conegligible set Q1Q2 fl Q2Q1, one has: g = Pi{g)p2{g) = P2i9)p'ii9)- In this 
framework, new representations appear, the middle ones: 

3.4.2. Lemma and notations. For fi-almost any g in Q, one has: s o pi[g) = r o 
P2{g)if ° p'lig) = s 0^2(5'), so there exist two fi-almost everywhere defined maps such 
that: 

m = sopi=rop2 , m = s o p'^ = r o p'^ 

let us note mg : f ^ f o m (resp.rhg : f ^ f o nig) the associated representation of 
L°°{Q^,i^). 
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Proof: As for any g G ^1^2, Pi (5') and P2{g) are composable, the lemma is 
obvious. □ 



3.4.3. Lemma. For i = 1 or 2, let us note Si = sg. and ri = rg^. There exists an 
isomorphism U : L^{g,fi) L^(^2,/i2) sa^n L'^iQi, fii){= -^^^(^2^2 Xn^i, /i2s2 Xri/Ui)) 

u 

such that for any G JC{G) and fi2s2>^rif^i-almost any {g2,gi) ^ ^2s2Xri^ij one has: 
it induces an isomorphism between L°°{Q, fi) and L°°{Q2i (^2) s2'*^riL°°{Qij f^i) , these two 

V 

von Neumann algebras are also isomorphic to L°°{Q2s2^riQi, f^2s2^rifJ'i) ■ 

Proof: This is an obvious consequence of proposition 3.1.5 . □ 



3.4.4. Proposition and definition. Let a : L°°{Q2,f^2) L'^{G2, 1^2) s2^riL'^{Gi, l^i) 
(resp.a : L°°{Qi,fii) — )■ L°°{Qi,fii) ri*s2 L°°{G2, 1^2)) be the map defined for any f G 

V 

L°°{G2,I^2) (resp.any h G L°°{Qi,^ii)) and almost any {g2,gi) G G2s2^riGi (resp. 
{91,92) e ^ir-iX,2^2y' by: 

a{f){92,9i) = f{P2{929i)) (resp. o(/i)(^i,^2) = h{Pi{929i))) 

Then the pair (s2, a) (resp.{ri, a)) is a right (resp. left) action of (5{Qi) (resp.&{Q2) ) on 
L°°{Q2, fJ'2) (resp.L°°{Qi, fii) ), moreover one has: aor2 = aosi = m and ao S2 = s. 

Proof: For all G L°°{Q^,iy), and /i2s2 Xn/ii-almost any {g2,gi) & Q2 'X Qi one 

has: 

a(s2(0))(^2,^l) = S2{(t>)){p2{929l)) = <P{s{P2{929l))) = <l^{s{9l)) = {^S2®rr^l{<l>)) {92,91) 

SO a{s2{(p)) = ls2®ri'^i ^'^ identification of 3.4.3, the relation a o r2 = m is 
obtained in the same way. 

Let / be any element of L°°{Q2, 1^2) and let {g2, gi, hi) be any element of ^2 x ^1 x Qi 
such that such that g2gi and g29ihi exist and are in QiQ2- On the one hand, we have: 

(a ,2*^1 i)^{f){92,9i,hi) = a{f){p2{g29i),hi)) = f{P2{p2{929i)hi)) 

on the other hand: 

{i s2-*'ri ^i)a{f){92,9i,hi) = ci{f){g2,gihi)) = f{p2{g29ihi)) 

L°°ig",u) 

But one has P2{p2{929i)hi) = P2{pi{929i)P2{929i)hi) = P2{929ihi), hence: 

(a S2M i)a = {i ^2*^ ri)a 
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The demonstration for a is quite similar. 



□ 



3.4.5. Remark. The crossed product L°°{Q2,fJ'2) Xa is, up to an isomorphism, 
the image in £(L^(^,/i)), of the map 71, defined for any F G JC{G2s2^riGi) and /i- 
almost any g E Q by: 

nm9)= [ F{p,{g),g[)6{g[rk{99[)dXf'\9[) 
JQi 

3.4.6. Remark. Proposition 3.4.4 generahzes the fact, proven in [VV] chap. 4, that if 
Gi, G2 is a matched pair of groups, then there exists a canonical action of Gi on L°°{G2) 
(resp. G2 on L°°{Gi)) coming from a map (3 (resp. a) such that, up to negligible sets, 
for any gi E Gi {i = 1,2), one has gig2^ = Pg^{g2)~^ag^{gi). 



3.5. A pseudo multiplicative unitary associated with a matched pair. 
3.5.1. Lemma. For any /, /' G IC{Q), v-almost any u G , one has: 

Proof: For any /, /' G JC{Q), h G /C(^°), and //-almost any u G Q'^, one has: 

Km{g)){fJ){g)d\-{g)dv{u) 

/i(m((7i^?2))(/?)M2)(552~')(^?2)rfA^^^H^72)c?Ar(^?i)rfz/(n) hy 3.1.5 

G" J 91x92 

/^(^(^7i))(/f)(^7i^72)(M2^')(^?2)rfA^^'^^(^72)rfA5'(^7i)rfK^) 



go Jg 



go Jgixg2 

h{s{gi)) [ UT){9i92){S52'){g2)d\i''\g2)diii{gi) 

9i J 92 

h{T{g^))5,{g^') I imi9i'92)iS62')ig2)dX^''\g2)di^M 
9i J 92 

by making the change of variable : gi H- g]~^ 

Ku) [ [ (/f)((7r'^?2)5i(^?r')(M2"^)(^?2)rfA^2^'^^(^?2)rfAi((70rfK^) 



/ h{u) / {ff'){g^'g2)6,{g^')i662 ')ig2)dXU92)dXU9i)diy{u) 
I go Jgixga 
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the lemma follows. □ 

3.5.2. Notations. For any i,j G {s,r,m,rh}, let us note /i^^ = /ij^ Xj^ fi and Qij = 
{{g, g') e G/Kg) = Jig')}^ therefore L'^{g, fx)ig®jgL'^{g, /i) is isomorphic to L'^iGfj, fJ^lj). 

V 

3.5.3. Lemma. For any f G IC{Q x one has: 



^^iAf)= / fig,g')dX'^''\g')dX''{g)di^{u) 

I go Jg2 

f^imif)= I I 5{g~')f{g~\g')d\-^''\g)dng')dv{u) 



Proof: This is easy computations. □ 



Let's define an important pseudo multiplicative unitary, which generalizes at the 
same time, the multiplicative unitary of [BSVl] 3.2 and the multiplicative partial isom- 
etry J^^^ of [Val2] definition 4.1.5. 



3.5.4. Proposition. Let Wg^^g^ : L'^iGs,„p fJ'l^rn) ^ ^'^ iG^,r^ f4n,r) '^^e operator de- 
fined for any { G 1^(01^, fil^) and fil^^^.- almost any {x,y) in G^ ,, by: 

^gug2^ix,y) = D{x,y)H{e{x,y)) 

where 9{x,y) = {xpi{p2{x)~^y),p2{x)~^y) and D{x,y) is the Radon Nikodym derivative 
'ii^s.rn°s ^ identification of 3.5.2, Wg-^ g^ is a pseudo multiplicative unitary over 

the basis z/), mg, sg, rg). 

Proof: Mimicking [BSVl] 3.2, let us consider two maps, Ui and U2, defined on 
^m,r ^ Q2Q1 X Q and on G^,. HQ x Q2G1 respectively by: u:i{x, y) = {x,p2{x)~^y) and 
u!2{x,y) = {xpi{y),y)). Obviously, one has: Imui C (resp. Imuj2 C Qsm)- -Due to 
lemma 3.5.3, for any / G }C{Q x Q), one has: 

f^mAf ° = f^lrif)^ f^lrW ° ^2) = f^lmi^f) 

where A{x,y) = 6{pi{y)). So one can define two unitaries Wi : L'^{Ql^, nl^) — >■ 
^^(Cr,/^m,r) and W2 : L'^{gl^,filJ L\gl^,fil^) such that Wi^ = o ui and 
W2ri = A^^/^?7 o UJ2. Their composition Wg^^g^ = W1W2 is defined for any ^ G 
L^i^lm^f^lm) and /i^,, -almost any {x,y) in G^ ,. by: 

Wg,,g,ax,y) = Dix,y)Hie{x,y)) 
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where D is the Radon Nikodym derivative '^^"■j""^ and 9{x,y) = U2 o ui{x,y) = 

{xpi{p2{x)~^y),P2{x)^^y). Wg^^g^ is obviously a unitary and the fact that this is a 
pseudo multiphcative unitary is essentially proposition 4.1.6 in [Val2]. □ 

3.5.5. Remark. Using the identification of 3.4.3, Wg^^g^ is also a unitary: 

[L^(^2, 1^2) S2®ri L^iGl, Pi)] si®m [L^{G2, yU2) sa^n L^{Ql, Pi)] 

V V V 



3.5.6. Notation. Dne to 3.J^.J^ and 3.4-3, one can consider the fiber product 

a^a: 1^(02, fi2) L^{G2,fi2) ^ L'^iG^fi) s^m L°^{G^fi) 

3.5.7. Lemma. For \x^^ ^-almost any {g,g') G Ggm' ^'^s ^^^^ 

D{g,g') = 5~\p,{p2{g)^'g')) 

Proof: For /i^ ^-almost any {g,g') E G^m^ and any ^ G L^{Gs,m^ fJ^lm) one has: 

W^e(^?,^70 = W^iW^2(^?,^?') = W2ag,P2{g)~'g') 

= A--^{g,P2{g)-'g')a9PMg)~'g'),P2ig)-'g') 
= S^Hpi{P2{g)~'gm9Pi{P2{g)~'g'),P2{g)~'g') 

The lemma follows. □ 

3.5.8. Proposition. The von Neumann algebra M (resp.M) generated by the left 
(resp. right) leg of Wg^^g^ is isomorphic to the crossed product L°°(^2,Ai2) Xo ^{Gi) 
(resp.L°-{Gufii) y<a&iG2))- 

Proof: For any /, h, rj, rj' G }C{G), in L'^{G, p) one has: 

{{i'*cUJf,h){Wg,^g,)r],r]') = / Wg,,g,{r] s,®r, f){g,g')r]'{g)h{g')dnl^^,{g,g') 

D{g,gY^r^{gPi{P2{g)-'g'))f{P2{g)-'glv'{9)h{gVf^lAg,g') 

I [ D{g,gf^vi9PiiP2ig)''g'))fiP2ig)-'g')v'i9)hig')dX^'''\gyX\g)duiu) 
go Jg-i 

D{g,gf^r^{gp^{p2{g)~'g'))f{p2{g)~'g')K9^dX"^^^\g'))W)dM 




g Jg 



Let's change of variable: g' ^ P2{g) ^g'- 
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= f{[ D{g,p2{g)9f^v{9Pi{9')f{9')HP2{9)9VX'^'\9'))W)dM 
Jg Jg 

which gives, using Proposition 3.1.5 and lemma 3.5.7 , that for /x-almost any g' G Q, 
one has: 

{l-^UJf^h){Wg,^gM9) = 

= [ {[ D{g,p,{g)g[g',)^{gg[)f{gW,)Hp,{g)gW,)^^ 

= /( / K9[rH99[)f{9[9mP2{9)9[9'2)YT^^ 
Jg, Jg2 

Let us note: Q{9,g[,g2) = f{9'i92)H99'i92)ii92)^ then: 

i^*^f,k)iWg,,G2H9)= [ if e(p2(^7),^?l,^?^)rfAfi^(^7^))5(^70-^^(^?^7;)rfA?^H^7;) 

Jg, J g2 
= ^{FMg) 

where Ff^h{92,9i) = jg,di92, 9i, 92)dK^^'\92) 

This imphes that the left leg of Wg-^^g^ generates the crossed product L'^ {02,112) Xa 
0(^1), analogue computations give that its right leg generates L°°(^i, /ii) xi 50(^2)- D 

Using Proposition 3.5.8, we shall identify the left (resp. right) leg of Wg^^g^ with 
crossed products. 

3.5.9. Corollary. Thanks to the existence ofWg^ g^, one can define two Hopf bimodule 
structures. We shall note them u), L°°{Q2, /^2) >^a^{Gi),fn, s, F) for the left leg, 

and Xa &{g2),r,m,t) for the right one. 

Proof: This is a consequence of remark 2.1.4 □ 



4. The quantum groupoid structures associated with a matched pair 

In this chapter we shall describe in details the structures found in the previous one. 
We shall complete them to obtain measured quantum groupoids structures. In order 
to simplify notations and using 3.4.3, we can suppose that L°°(^2,/^2) Xa ^{Gi) is 
acting on L'^{G,fi) and that it is generated by products a(/)(ls2<8riP(^))' where, for 
any / G L°°{Q2,f^2) and /i-almost any g E Q, one has a{f){g) = f{p2{.9)) and for any 
e G L\g,^^), h G lC{g,) ■. (l.,®,,p(/i))e(^7) = 4 Kg,)i{gg{)d\f'\g{). 



20 



4.1. The coproduct. 



4.1.1. Lemma. One has: F o a = (0^2 *r2 '^)^g2! hence for any f G L°^{Q2^I^2) and 
^il^-almost any {g,g') G , one gets: 

T{a{fmg,g') = f{p2{g)p2{g')) 

Proof: As Wg^^g^ is a unitary, it is easy to see that for any 77 G L^(^^ ^, /i^ j,) and 
/^?,m-almost any {g, g') G Q^^, one has: 

Wl^g^Tl{g,g') = S{p^ig')f^vi9Pii9T\P2{9PiigT')9') 

As D'{g,g') = 6{pi{g'))^ is a density, tlien D'{g, g')D{{gpi{g')-\p2{gpi{g')~^)g') = 1, 
hence for any / G L°°(^2, /i2), any ^ G L'^{Qlm, l^lm) and //^ ^-almost any (51, 51') G Gl^, 
one has: 

r(a(/))e((7,^?') = W^^^g^{lm^ra{f))Wg,,g,ag,g') 

= D\g,grkK.®ra{f))Wg,,g,agp^{g')-\p2i9Pi{9')-')9') 
= a{f){P2{9Pii9r')9'n9,9') = fiP2{P2{9Pii9r')9m9,9') 
= f{P2{9Pi{9r'9m9,9') = f{P2{gP2{g'm9:9') 
= f{p2{9)p2{9'm{9,9') 

□ 

A good description of T{ls^®,^^7l{Gi)) is given by an integral 

4.1.2. Proposition. Let h (resp.f) be any element in lC{Qi) (resp.lC{Q2)), then: 
i) for all ^ G /C(^s.m) '^"■'^ ^-almost any {g,g') G ^^m; ^^^^ ^^■^-^ 

T{aif){ls2®,^p{hm{9,9') = f{P2{9)P2{9')) [ Kg{)i{gpM{9')9i). 9 9i)d\f\9i) 

a) with the notations of 3.4-5, for any G 1C{Q): 

{uj^ z)(r(a(/)(l,,®,^p(/i)))) = 

V 

where G /C(G'2s2 Xri^i) «s defined for any {g2, gi) G ^252X^^1 ^?/-' 

^fA92,9i) = Hgi) [ S{g-')f{p2{g'')g2)<P{9'W929i))'^{9^dy^^-\g) 
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Proof: i) For any h G ^(^i), any ^ G }C{gl^) and /i^ ,„-almost any (51, 51') G 
one has: 

i) follows immediately. 

ii) For any / G /C(^2),0, 0' £ ^(^) and /i^ „j-almost any (fi'jS'') G let us note: 
Xi^,{g,g') = f{p2{g)P2{g')) [ h{gMgp,{p,{g')g^))<P\g'g,)d\f\g,). 

Due to i) and 4.1.1, one has: 



(u^ s(S)m a;<^0(r(a(/)(l.,®,^p(/i)))) = 

V 

= Iq [Lr^io') ^{9~')XiAg~\g')^{^d hy 3.5.3 



If ^if^h G /C(G'2s2Xr-i^i) is defined for any {g2,gi) G 6*252X^^1 by: 

*/,/^(^72,^l) = / 5(^?-')/(P2(^7-')^2)0(^'V(^2^l))0(?^rfA'-(^^)(^) 



we can write: 



= 4 ^ f,u{v2{g').giW{g'gi)d\f''\gi) as m(g') = r(p2(g')) 



hence one has: 



22 



\ u ' V 



ii) follows □ 



4.1.3. Remark. The formulas of lemma 4.1.2 generalize the ones obtained by Stefaan 
Vaes in [Vasl] 4.20 (and maybe elsewhere). 



4.2. The co-involution. In this paragraph, we define a co-involution on L°°(^2, /^2) Xc 



4.2.1. Lemma. Using notations of Remark 3.4-1, let (j) : Q ^ Q (resp. (p: Q ^ Q) be 
the function defined by the formula: (p{g) = Pi{g)~^p'2{9) (resp. (f){g) = (f){g)~^), then 
one has: 

^) <P{9) = P2{9)~^Pi{9) = P'i{9)P2{9)~^ 
ii) (f)^ = (j)^ = idg 

Hi) so(p = m,rno(j) = r,rno(f) = s,ro(f) = rn, 

Proof: For any g E G1Q2 H G2G1, one has Pi{g)p2{g) = P2(fi')K(fi') so i) is true; 
using obvious notations, let us write: g = gig2 = g'29'i] one has: (j){(j){g)) = 4>{gi^g2) = 
4>{929'i^^) = gig2 = g, this gives ii), the assertion iii) is obvious. □ 



Using lemma 4.2.1, one can define a map (j)s^rn4' '■ Gim ~^ Qm r (resp (j)m'Xr4' '■ Gm r ~^ 
Gs,m) such that for almost any {g,g') G Glrn (resp.^^ J, one has: (0.x„</))(5(,5(') = 
(0(^),0(^')) (resp. (0„x»(^,^') = (0(^),0(^'))- 



4.2.2. Lemma. Using the notations of 4.2.1 and 3.5.4, one has: 
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Proof: For almost any {g,g') G G^r^ due to 4.2.1 i), one has P2{0{g)) = P2{g) ^, 

so : 

9ikxm<P)i9,9') = e{4>{g)A{9')) = (<^(^)Pi(P2(0(^))-V(^?')),P2(0(^7))~V(^7')) 
= {P2{9y^Pi{9)pi{P2{g)<P{g')),P2{g)<P{g')) 
= {P2 {9) " Vi {9Pi (^0 ~ V2 {9')), P2 {g)pi (^0 ~ V2 (^0 ) 

= {p'2{9r'pi{9Pi{9r')M9)Pi{9'Vp'2{9')) 

Also one has: 
Let us define: 

X = gp,{g')-\ Y =p,{gp,{g')'')g' 

this gives that: 

(0^x,0)ri(^7,^7') = {p',{X)-^p,{X),p,{Yr%{Y)) 
= ip',iXr'p,iX),p,{Y)p[iY)-') 

as p'2{X) = P2{g), one deduces that: 

p'2{Xr'p^{X) = p'2{gr'pii9Pii9r') 
Also we can write that: 

Y[p2{g)P2{g')r^ = P2{gpi{gT^)pi{g')P2{g')[P2{g)P2{g')]~^ = P2{gpi{g')~^)pi{g')P2{g)~^ 
= P2 {P2 {g)pi (gT^) [P2 {g)pi {gT^V^ 
= [PiiP2ig)piigr'r' 

this implies that P2{Y) = P2{g)p2{g') ■, and as F = P2{gpi{g')~^)g' , therefore p'i(Y) = 
p'i{g'), which gives that: 

P2{Y)p[iY)-' =p2{g)p2{g')p[{g')-' 

finally: 

i^my<r<P)0-\g,g') = (p;,(X)-Vi(^),P2 

= {P2 {9)~^Pi {9Pi {9T^), P2 {g)P2 {g')Pi {g')"^) 

= e{(f)sX^(j)){g,g') 

which gives the lemma. □ 
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4.2.3. Proposition, i) Let J, J : L'^{Q) L'^iQ) be defined for any ^ E L'^{Q,^) and 
fi- almost any g E Q by : 



then J and J are antilinear involutive isometries. 

a) For all f G IC{Q^), one has: Js{f) = m{f)J and Jm{f) = r{f)J, hence 
one can define Js®mJ '■ -^^(^s,m' /^s.m.) ~^ ^"^{Gm^ri ^^'ii,r)! ^"-^ ^^'■5 inverse Jm®rJ '■ 
L^iSi.,r^f^m.,r) i^lm^ f^lm) > which vcrify: 

{Jm®rJ)Wg,,g, = T^e.^g, ( Js®m^) 

Proof: This is a straiglitforward consequence of lemma 4.2.2. □ 

4.2.4. Proposition. Let R be the application defined for any x G L°°{Q2, /^2) Xo '8(^1) 
by: R{x) = Jx*J, then R is a co-involution of {L°°{Q^,h'), L°°{Q2, fi'2)>^a^{Gi),TTT', s,T) , 
more precisely, for any f G IC{Q2), if we define f~^ by /"Hfi's) = f{g2~^) one has: 
i?(a(/)) = a(/-i). 

Proof: Obviously Ad{J) is an involutive *-antiautomorpliism of C{L'^{Q)). Due 
to proposition 4.2.3, for any h,k E }C{Q), one has: 

Ri{i*UJh,k){Wg,,g,)) = Jii^UJh,k){Wg,^g,yj = J{i*UJk,h){W^,,gJJ 

= {i-*^(^Jk,Jh){Jm®rJ)Wg^^g^{Jm'®rJ)) = {i ^ Jk,Jh) (Wg^^g^) 

SO, by restriction, R is an involutive *-antiautomorphism of L°°{Q2, fJ'2) Xo ^{Qi)- 
From proposition 4.2.3, one obtains that R o m = s. 

For all / G 1C{Q2), all ^ G L'^{Q,jj) and //-almost any g E Q1Q2 H Q2G1, with g = 
9192 = 9[g'2, one has: 

RWmi9) = Ja*{f)Ja9) = a(fmgm{9) = f {P2{9'2~' 9im{9) = f {P2{9[g2')i{9) 
= f\92')i{9) = ^{f~'){9)i{9) 

So RW)) = a(/-i). 

Due to Proposition 3.7 of [E3], for any k, ki, f2, hi, /12 £ ^{G), one has: 

{T{{i-kUJh,k)iWg,^g^)){his'S)mki),h2s'S)mk2) = ((W/M,h2 *0 (^^^i.^) (^fci.fca *0 (^^^1,62)^) ^) 

Hence, in the one hand: 
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V V 

u V 

On the other hand, using proposition 4.2.3 ii), one has: 

{{Rm-ksR)'^{{i-^(^h,k){Wg^^g2)){hi ^(g)^ fci), /ig m®s h) 

u V 

= {Jh2 s®m Jk2,T{{i -k UJh^k){Wg^^g^y){Jhi s®m Jkl)) 

V V 

= (T{{i -k UJh,k){Wg^^g^)){Jh2 s<^m Jk2), Jh s^m Jkl) 

V V 

= ii^.jh2,jh,'^^)i^gi,G2)i^jk2,jk,-^^)iWgi,G2)h,k) 

= {J{^h2,hi-^i){Wg,,g2*){uJk,,ki -^'i){Wg,,g,*)Jh, k) 
= {J{^h^,h2-*'^){^Ql,Q2y{^k^,k2'*'^){^gl,g2TJh,k) 
= {Jk, {uJhuh2'*^i){Wg,,g^y{uJk,,k2-*^i){Wg,,g,yjh) 
= ((^fci,fc2 ^ i)i^gi,g2)i^h^,h2 * i){Wg,,g2) Jk, Jh) 

which gives that: 

□ 



4.3. The Haar operator valued weights. In this paragraph, we define two invariant 
operator valued weights on L°°(^25/^2) 

4.3.1. Definition. Let T2 (resp. ^2"^) be the left (resp. right) Haar operator valued 
weight of 0(^2) and let = T2 and Tr = be their dual operator valued weights 
on L°°(^2,/i2) Xa ^{Gi) in the sense of 2.2.4. 

4.3.2. Lemma. The operator valued weight (resp.Tji) takes its values in the range 
(resp. source) basis of L"^ {Q21 1^2) Xa^(^i)- 

Proof: Due to lemma 3.4.4, Tf, = a o T2 o o Tj = m o r^^ o T2 o o Tj , so 
takes its values in m{L°°{Q^ ^ v)) which is the range basis of L°°{G2, IJ'2) ^(^1), also 
one has Tr = ao o o = a o S2 o ^2 ^ 0T2 o o Ta = s o o T2 o o Ta 
which gives the second part of the lemma. □ 

Hence Tl is an operator valued weight from L°°(^2,/^2) Xn ^{Gi) to its range basis, 
and (pL = u o o is a dual weight, in the sense of [E2] 13.1. 
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4.3.3. Proposition. For any f G /C(^2), h G /C(^i) and fi-almost any y E Q , one has: 



t)TMf){ls,®rAhmy) = I fix)h{six))d\f'\x) 

a) With the notations of remark 3.4-5, for any F G /C(^2s2 ^ri^i) one? fi-almost any 
y & Q , one has: 

TL{m{F)){y)= [ F{x,s{x))dXf^\x) 
Hi) Let = V o o Tl he the lifted n.sf.f weight ofTi , then one has: 



Proof: For any h G /C(^i) and /i-almost any y E Q, one has: 

TMf){h,®,.Ahmy) = 

= (m o r^-i o T2 o o ra)(a(/)(l,,®,^p(/i))(y) 

= {r^' oT,ifa^\h2^rT^MW)iHy)) by[E2], 9.6 

= {r^' o T2(/a-i(l,,®,^Si(/i|go))(m(y)) 

= (r^-i o T2(/s2(V))(m(2/)) by 3.U 

= I fh^go{s{x))dXf'\x)= I f{x)h{s{x))dXf'\x) 
•J Q2 J Q2 

which gives i). The assertion ii) is an easy consequence of i) 
iii) For any G /C(^), one has: 
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= m*. i)r(a(/)(l,2®riP(/i))) 

L°o(gO,iy) 

= <I>i(SK(^j,,))) by^.i.^ 

= /go /g^ * s(x))rfA^(x)rfz/(M) by zzj 

= IgoIgJgHs{x))f{p2{9~')x)6{g~')<f^{g~')dy(^^\g)^^^^^ 

= /go/g (/,^M^(^))/(P2(^7-^)x)dA^(x))<5((7-i)|0p(^7-i)dAn^?)dz/H 
= /g (/,,M^(P2(^7-^)-^x))/(x)rfAr('^'^)(x))<5(^7-i)|0p(^7-i)d;x(^?) 

by making the change of variable : x i— j- p2(g^^)x 

= /g (/g,M^(^))/(^)rfA^(^"H^))5(^?-^)</'(^7-^)^(^rfp(^7) 
= /g (/g, M^(^))/(^)^A^(^)(a;))0(5)0(^o!/.(5) 

by making the change of variable : g i— >■ g~^ 
= uj^TLiaW) {I s,^r Ah)))) hy 4.1.2 and i) 

which ends the proof. □ 
Similar computations give the following: 
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4.3.4. Proposition. For any f G /C(^2), h G /C(^i) and fi-almost any y & Q, one has: 
t)TMf)ih,®rAhmy) = I f{x-^)h{r{x))d\i'\x) 



ii) With the notations of remark 3.4-5, for any F G A^(^2s2 ^ri^i) o,nd ^-almost any 
y & G , one has: 

TnmF)){y)= [ F{x-\r{x))d\i'\x) 



J 02 

Hi) Let = 1/0 o Tr be the lifted n.sf.f weight ofT^ , then one has: 

{^R i))T{a{f){ls,®rAh)))=TR{a{f){ls,®rAh))) 
L°°(go,iy) 



4.3.5. Lemma. For any f G 1C{G2), o-ny h G lC{Gi) and any t G M, one has: 

at'W){ls2®rAh))) = a{f){h,®rAS~''h)). 

Proof: As the operator valued weight Tj takes its values in the commutative von 
Neumann algebra a{L°°{G2, fJ'2)), for any / G /C(^2) and x G A^#^, one has: 

$i(a(/)x)) = {u o r^-i o T2 o a-' o Ta)(a(/)x) = (z/ o r^' o T2)(/(a-^ o Ta)(x)) 

= {u o r2-^ o T2)((a-i o r,)(x)/) = (z/ o r^' o r2 o a'' o Ta)(xa(/)) 

= <^>L W/))) 

Also for any h G JC{Gi), due to [E4] 7.7 ix) one has: 

the lemma follows. □ 

4.3.6. Proposition. Tl is a left invariant operator valued weight on L°°(^2,/^2) xio 
0(^1) in the sense of definition 2.1.1 Hi). 

Proof: 

For any / G /C(^2), h G lC{Gi) and /i-almost any y E G, one has: 
(z $^))r(a^(a(/)(l.,®.,p(/z))))(y) =Ti(a(/)(l.,®.,p(r^*/i)))(i/) 
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f{x)i6-^'h){s{x))d\f'\x) 
f{x)hisix))dXf'\x) 

TMf){h,®rAhmy) 

(t $L))r((a(/)(l,,®,,p(/i)))(2/) 
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Hence {i ^l))^^'^^ = {i ^l))T, so using [St] theorem 6.2 and propo- 

sition 4.3.3 iii), Tl is left invariant. □ 

4.3.7. Theorem. The family z/), L°°(^2, <&{Qi),m, s,T ,Tl,Tr,v) is a 
measured quantum groupoid. 

Proof: Using the same argumentation as for Tl, one obtains that Tr is right 
invariant and if = 1/0 o Tpi is the hfted weight, then cr*^ = o"*^, so these two 
modular groups commute which gives the theorem. □ 

4.3.8. Remark. Theorem 4.3.7 is a generalisation of the bicrossed product construc- 
tion ([BSV], [VV]....) 



5. Two FAMILIES OF EXAMPLES 



In this chapter we describe two families of examples coming from case 3.2.4 and case 
3.3. 

5.1. A matched pair of groups action on a space. Let us use the notations of 
example 3.2.4, so ^ = X x G where G is a group matched pair acting on a locally 
compact space X. 

Let pf and pf be the almost everywhere defined functions associated with the 
matched pair Gi,G2 ([BSV] 3.2), then for u x dg almost any {x,g) G X x G, one 
has: 

Pi{x,g) = {x,pf{g)) P2{x,g) = {x.p^{g),p^{g)) m{x,g) = xpf{g) 

We shall note ai the action of the quantum group L°°{Gi) on the von Neumann 
algebra L°°{G2) coming from the usual bicrossed product construction, and Fi the 
usual coproduct of the crossed product L°°{ G2) Xai L°^{Gi). So, due to Proposition 
4.1.2 i), for any h G /C(Gi), any ^ G /C(G x G) and dg x dg-a\m.ost any {g, g') E G x G: 

Ti{l®p{h))i{g,g')= [ higi)^{gpi{p2{g')gi),g'gi)dgi 
Thanks to 2.3, one easily sees that x G2) S2®ri L'^iX x Gi) is isomorphic to 

L°°(X,i/) 

L^(X X G2 X Gi, z/ X dg2 x dgi) (and then to L^(X x G2) ® L^(Gi)) by the apphcation 
6 such that for any / G /C(X x G2 x X x Gi) and p x dg2 x cifjfi-almost any (x, g2,gi) 
in X X G2 X Gi: 

0{f){x,g2,gi) = f{x,g2,x.g2,gi) 
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This leads to a spatial isomorphism between L°°(X x Q2) s2*'-i L°^{X x Qi) and 

L^{X,u) 

L°°{X X G2 X Gi, V X dg2 x dg\) with the same formula as for Q. 

So the action a : L°°(X X Gs) ^ X Gs) ^a^n x Gi), can be identified 

L°°(X,v) 

with a one to one homomorphism x G2) — )■ U^ {X x G2) ® L°°(Gi) 

5.1.1. Remark. By similar arguments, in that case ^'^{QlmiAm) ^e identified 
with the space 1?{X x G x G) using the application S such that, for any/ G JC{Gsm)- 
S(/)(x,5f,fif') = f{x,g,x.gpf{g'y^,g') (observe that s(a;,5f) = m{x.gpf{g'y^,g')). 



5.1.2. Proposition, T/ie action a given by 3.4-4, can be identified with a usual 
action of Gi on L°°{X x G2); if one denotes a this action, for any (x, (71,(72) ^ X x 
Gi X G2 such that (72(71 G G1G2 and any f G L°^{X x G2) : 

^{f){x,g2,9i) = f{x.pf{g29i),P2{929i)) 

a) The crossed product L°°(^2) ^{Gi) is isomorphic to the usual crossed product 
L°°(X X G2) y^'aL°^iGi) 

Hi) Using the identification of remark 5.1.1, for almost any {x,g,g') E X x G x G 
and any f G x G2), one has 

r(a(/))(x, (7, (?') = /(x.pf ((7),pf (^)p^(^')) 

moreover, for any h G k G L°°{Gi), one has: 

r(l,, p{h ® k)) = M{h){l ® ri(l ® pi(A;))) 

where M{h) is (the multiplication by) the function M{h){x, g, g') = h{x.gpf{g')) 

iv) For any f G /C(X x G2), any h G /C(X x Gi) and almost any {x,g) E X xG, 
one has: 

Ti(a(/)(1,, ®r, p{h)){x,g) = I f{xp^{g),g2)h{xpf{g)g2,e)dg2 
TR{a{f){ls2^ri p{h)){x,g) = / f{xgg2, g2^)h{xg,e)dg2 

JG2 



Proof: i) One easily sees that d is an action. For any h G L°"{X x G2), any function 
/ G IC{X X G2 X X X Gi) and u x dg2 x dgi almost any (x, g2, gi) in X x ^2 x ^i? one 
has: 

e{a{h)f){x,g2,gi) = a{h)f){x, g2,x.g2, gi) = h{p2{{x, g2){x.g2, gi))f{x, g2,x.g2, gi) 

= h{p2{x, g2gi)9{f){x, g2, gi) = h{x.pf{g2gi),P2{g29i)W{f){x,g2,gi) 
= a{h)e{f){x,g2,gi) 
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One deduces that Ad{9) o a = d, which gives i). 



ii) The crossed product L°°{Q2) Xo ^(^i) is generated, in the von Neumann algebra 
C{L\X X G2) s,^r, L\X X Gi)), by a(L~(X x G2)) and 1 s,®r, ^Qi)' ■ 

L°^{X,u) L°°{X,u) 

0(^1)' is generated in C{L'^{Qi) by the image of the right regular representation of 
^1, as ^1 = X X Gi, it is the usual crossed product of L°°{X) by the right action of 
Gi, so, if one denotes by ai this action and by pi the right regular representation of 
the group Gi, the von Neumann algebra (3{Qi)' is generated in C{LP'{X x Gi)) by the 
products ai(0)(l ® pi(<^i)), for G L°°(X) and (pi G L°°(Gi). But for u x dg2 x dgi 
almost any (x, §2, Qi) in X x G2 x Gi and any / G 1C{X x G2 x X x Gi) one has: 



^((1,2 ®ri Pi(0i))])/)(a;,^2,^i) = 

= / {(p® <Pi){.{.x.g2).gi,g[)f{x,g2,xg2,gig'i)dg[ 

JGi 

= <t>{x.{g2gi)) / (pi{g[)e{f){x,g2,gig[)dg[ 

JGi 

Let A; G L°°(X x G2) be defined for any {y,g2) G X x G2 by: 

Hy^92) = (p{y-g2) 

then one has: 

^((1,2 [ai(0)(l,2 ®n Pl(0l))])/)(x,^2,^l) = 

= k{xpi{g2gi),P2{g2gi)) / 0i(^i)^(/)(2;,^2,^i^l)c?^i 

^Gi 

= a(A;)(x,^2,^i) / <pi{g[)e{f){x,g2,gig[)dg[ 

JGi 

Hence Ac?(^) o (1^^ [ai(0)(l,2 Pi(0i))]) = ci{k){l ® pi(0i)), as y4d(^) o a = a, 
this proves that Ad(^)(L°^(^2) Xa ^(^1)) is included in L°°(X x G2) Xg L°^(Gi) and 
contains a(L°°(X x G2)) and also 1 (g) pi(L°°(Gi)) (using = 1), so Ad{6) realizes a 
spatial isomorphism between L°°(^2) x„ (25(^i) and L°°{X x G2) Xj L°^(Gi). 

iii) Due to proposition 4.1.2, for almost any {x,g,g') ^ X x G x G and any / G 
L°°(X X G2), one has: 

T{a{fMx,g),{xgp<{igr\9')) = f{V2{x.9)P2{xg''vi{9r\9'))) 

= f{{x.pf{g),p^{gmx.gpf{gr').p?{9'),P^{9'))) 
= f{{x.pf{g),p^{g)){x.g,p^{g'))) 

= f{x.pf{g).p^{g)p^{g')) 

Moreover, for any h G L'^{X),k G L°°{Gi), for almost any {x,g,g') e X x G x G, 
as s{xg^pi{g'y\g') = x.gpf{g') any ^ G L°°(X),^' G L°°(G x G), as one has: 
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Sr(l,, p{h®k))T,*i{x,g,g') = 
r(l,, p{h ® A;))S*e((x, g), {xgpf{gT\ g')) = 

= / Kz)kigi)^*^iix, g)pi{p2ixgp^{g')-\ g'){z, gi)), {xgpf{g')~\g'){z,gi))dgi 

in which z = x.gp2{g'), hence one has: 
Sr(l,, p{h®k))T.*i{x,g,g') = 

= [ h{z)k{gi)^*^{{x,g)pi{{xg,p^{g')){z,gi)), {xgp'{{g'y\ g'){z, gi))dgi 

JGi 

= / h{z)k{9i)^*^iix^9)Pi{xg,P2{9')9i),{xgpfig')~\g'gi))dgi 

JGi 

= [ h{z)k{gr)J:*a{x,g){xg,pf{p^{g')gi)),{xgp^{gy\g'gi))dg, 

JGi 

= [ h{z)k{g,)^*^{{x,p^{p^{g')g^)),{xgp'{{g'r\g'gi))dg, 

JGi 

= [ h{z)k{gi)^{x,p^{p^{g')gi),g'gi))dgi 

JGi 

= h{x.gp2{g')) / k{gi)^{x,pf{p2{g')gi),g'gi))dgi 

JGi 

= hix.gp^ig'))il(g)T,il(g)p,ik)mx,g,g') 
= M{h){l®Ti{l® p^{k)mx,g,g') 

Where M{h) is (the multiphcation by) the function M{h){x, g, g') = h{x.gp2{g')) 

iv) Using proposition 4.3.3 for almost any {x,g) G X x G, any / e }C{X x Gi) and 
any h G /C(X x G2), one has: 

TL{a{f){ls, p{h)){x,g) = f f{y,g2)h{s{x,g2))dXf''''\y,g2) 

= / fixpf{g),g2)h{s{xp^{g),g2))dg2 
JG2 

= / fixpfig),g2)h{xpf{g)g2,e)dg2 
JG2 

Similar computations give the second equality. □ 

5.1.3. Remark. As any usual crossed product, L°°{X x G2) xia L°°{Gi) is isomorphic 
to ^{{X X G2) X Gi) but the measured quantum groupoid structure we obtain for this 
crossed product in 5.1.2 is not isomorphic to the natural one of &{{X x G2) x Gi), 
recalled in 2.3, because for one the basis is L°°(X) and for the other the basis is 
L~(X X G2). 
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5.2. The case of a principal and transitive groupoid. Let's use notations similar 
to 3.3, so we suppose that ^ is a transitive and principal groupoid, hence of the form: 
Xi X X2 X Xi X X2 where the Xj's are Hausdorff locally compact, Qi = U Xi x 

X2&X2 

{X2} X XiX {X2} and Q2 = U {xi} x X2 x {xi} x X2. For any (xi, X2, 1/1,1/2) in G, 
one easily sees that: 

Piixi,X2,yi,y2) = ixi,X2,yi,X2) , P2(a;i, xa, 2/1, ^2) = (yi, 2:2, yi, 2/2) 

m{xi,X2,yi,y2) = {yi,X2) 

One can identify Qi (resp.^2) with Xi x Xi x X2 (resp.Xa x X2 x Xi), using the map 
{xi,X2,yi,X2) ^ {xi,yi,X2) (resp.(xi, Xa, Xi, 1/2) ^ {x2,y2,Xi)); due to lemma 3.3.1, 
the Haar system of Qi is {Sx^ ® z^i ® Sx2)(xi,x2)- 

So (resp.L^(^2, Ai2)) can be identified with L^(Xi x Xi x X2,z/i x ui x U2) 

(resp. L2(X2 X X2 X Xi, z/2 x z/2 x vi)). 

This gives a spatial isomorphism between L°°(^i, /ii) (resp.L°°(^2, At2)) and L°°(Xi x 
Xi X X2, ui X ui X V2) (resp. L°°(X2 x X2 x Xi, z/2 x z/2 x z/i)). 

Lemma 3.4.2 gives an isomorphism, between L°°{Q2,fJ'2) S2®r2 L°°{Gi,fJ'i) 

L°°{XixX2,viXU2) 

and L°°(^,z/i x z/2 x z/i x ^2)1 it is easy to see that it comes from the application: 
((x2,?/2,a;i), (xi,?/i,?/2)) ^ (a;i,X2,i/i,|/2)- 

Using this identification one has: 

o : L°°(X2 X X2 X Xi, z/2 X z/2 X z/i) — f 

L°°(X2 X X2 X Xi, z/2 X z/2 X Z/i) S2®ri L°°(Xi X Xi X X2, , Z/1 X Z/1 X z/2)) 

L°°{XiXX2,l/lX!/2) 

and for any / G 1C{Q2), any (xi, X2, 2/1, 2/2) G ^ one has: 

ci(/) {{x2, y2, xi), (xi, yi, 2/2)) = fi.P2i.x1, X2, yi, ^2)) = /(a;2, ^2, yi) 

This formula can be interpreted just using the natural shift action of the groupoid 
Xi X Xi on the fibred set (Xi, idxi) given for any Xi, ?/i G Xi by Xi . (xi, ?/i) = ?/i. To 

prove this, let's give some definitions: 

5.2.1. Definitions, i) Let . be the action of Xi x Xi on the fibred set (X2 x X2 x 

ei 

-^iiP'^a); where pr-^ is the projection on Xi, defined for any (x2, 2/2, Xi) G X2 x X2 x Xi 
and any |/i G Xi, by : 

(x2,2/2,a:i) . (xi,yi) = (x2,y2,yi) 
61 

Let (a, pr^) be the corresponding action of QiXi x Xi) on L°°(X2 x X2 x Xi, z/2 x z/2 x z/i) 
ii) Let S : L^(X2xX2xXi,z/2Xz/2Xz/i) S2®ri L^(Xi x Xi x X2, z/i x z/i x z/2) — )■ 

L°°{XiXX2,l^lX!/2) 

L^(X2 X X2 X Xi, Z/2 X Z/2 X z/i) p,.3®r -^^^(^1 X Xi, z/i X z/i) be the isometric isomorphism 
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given for any G /C((X2 x X2 x Xi) x (Xi x Xi x X2) and almost any (xi, X2, yi, 1/2) G Q 
by: 

((^2, 1/2, Xi), (Xi, yi)) = 0((X2, Z/2, Xi)), (xi, 7/2)) 

iii) Let S' : L^(X2 x X2 x Xi, U2 x U2 x vi) pr-j.®r L'^{Xi x Xi, i^i x i^i) — 

L^(X2 X X2 X Xi X Xi, z/2 X z/2 X 1^1 X i^i) be the isometric isomorphism given for any 
(J) e /C((X2 X X2 X Xi) X (Xi X Xi)) and almost any (xi, X2, yi, 2/2) G Q by: 

S'(0)(x2, y2, xi, yi) = 0((x2, y2, xi), (xi, yi)) 



5.2.2. Theorem. Using the previous notations one has: 
i) a = AdT. o 0, 

a) 9 = AdTi'T, realizes a spatial von Neuman isomorphism between L°°{Q2) Xa65(^i) 
and L~(X|,i^f^) ® CIc[lhx^,v^) ® C{L^{Xi, 1^1)) : L°^{G2) Xa ^(^1) «s isomorphic to 
L~(X2 X X2, z/2 X U2) ® C{L'^{Xi, ui)) and to ©(Xg x X2) ® 0'(Xi x Xi) , 

iii) If t: L'^iX'i x Xf, z/| x z/f) — )■ L^(X| x Xi x X2 x Xf, i/| x z/i (g) 1/2 x i/^) zs t/ie 
maj» which flips the third and fourth factor, one has: 

{Os i^m d)Ve* = AdT{Txi ® f ^2) 

iv) OTlO* = {Txi®f^) OTrO* = {T-l®f^{). 

Proof: 

i) The first assertion is obvious. 

ii) For any /i, hi, h e /C(Xi), any /2,5'2 G /C(X2), any { G /C(X2 x X2 x Xi x Xi), 
and almost any (x2, 2/2, 2:1, G X2 x X2 x Xi x Xi, due to i) one has: 

0[a{f2(S)g2 (S) fiM{x2,y2,xi,yi) = (/2 ® 5-2 ® 1 » /i)(x2, 2/2, a^i, yi)^(x2, ^2, 

so: 

^[a(/2 ® ^2 ® /i)] = /2 ® ^2 ® 1 ® /i 
Let's denote T^^, for any tpi G /C(Xi x Xi), the integral (compact) operator defined for 
any ^1 G /C(Xi) and almost any Xi in Xi by: (T^^,^i)(xi) = J^^ipi{xi, Zi)^i{zi)dh'i{zi) 

A straightforward calculation gives that: 

(1) e[a{f2 (8)92® /l)(l S2®r, Pih h2)] = /2 ® ^2/^2 ® 1 ® Tf^h,(^k, 
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The assertion ii) follows. 

iii) One easily sees that the coproduct Tg^ : L°°(^2) L°°{Q2)s *r L°°{Q2) is given 
for any /2,fi'2 G ^2 and any /i G /C(Xi) by: 

rg2(/2 ® ^2 ® /l) = (/2 ® 1 ® /l)s ®r (1 ® ^2 ® 1) 

Moreover, using 3.4.4, one has: 

{6 o m)(/i ® /2) = o a o r2)(/i ® /a))) = ^(a(/2 ® 1 ® A) = ® 1 ® 1 ® /i 
o ® /2) = o a o s2)(/i ® /s) = ^(a(l ® /2 ® /i) = 1 ® /2 ® 1 eg) /l 

This allows us to define a canonical isometric isomorphism of hilbert spaces from 
X Xf, uf^ ® uf) eos®eom L'^{Xl x Xf, vf^ ® z/f^) onto the hilbert space 

L2(X|xXixX2xX2,z/2®2 0;y^0;y2®z^D, If ^ Is tWs map, forany^\^2 ^ /c(X|xX2) 
one has: 

(2) '^{,i^eos®eomi'^){x2, ?/2, Xi, 22, 1/1, ^l) = i^{.X2, ?/2, , (?/2, 2^2, ^1, Z/l) 

Hence, using 4.1.1: 

{Os 0)T9*{f2 ® C/2 ® 1 ® 1) = (/2 ® 1 ® 1 ® l)eo. ®0om (1 ® ^2 ® 1 ® l) 

due to (2) and 2.3.3, this gives: 

{9, ^ra 0)Te*{f2 ® ^2 ® 1 ® 1) = AdT{Txl ® f ^2)(/2 ® ^2 ® 1 ® 1) 

Quite simple computations, also imply that for any hi,ki G /C(Xi): 

{9s *m 0)T{1 s^^r^ p{hi ®ki(S) 1)) = AdT{Tx2 ® r' 2)^*(1 S2®ri ® A;i ® 1)) 

2 ^1 

which gives iii). 

iv) Due to (1), 4.3.3 and 2.3.3, for any fi.gi G /C(Xi) any f2,g2 G ^(-^2), one has: 

eTLe*{f2 ®g2®i® Th.^kJ = (Tv2 ® f;,2)(/2 ® ® i ® T/^^^^j 

^ 1 

Which gives : OTlO* = Tx^ ® f' 

2 

And for similar reasons: OT^O* = T~l ® T' 2 . 

□ 
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